Abstract. Let ty be the class of all CW complexes homotopy dominated by finite CW complexes. In this paper we prove the following theorem.
1. Introduction. Let ^ be the class of all CW complexes homotopy dominated by finite CW complexes. In this note we discuss the following question: Suppose a connected CW complex Ä-is a union of two connected subcomplexes Xx and X2. Under what conditions does X G ty and Xx n X2 = XQ G fy imply that Xx, X2G öD?
In [4, p. 48 ] L. C. Siebenmann answered the above question positively in case where ttx(X¡) -» trx(X) has a left inverse for i = 1,2 and asked (p. 49) whether the condition that irx(X¡) -» ttx(X) is a monomorphism, i" = 1, 2, is sufficient for Xx and X2 to be in <$.
The following results give partial answers to Siebenmann's question. Examples in [4, pp. 49, 83-89] show that some restriction on fundamental groups is necessary.
2. Proof of Theorem 1.1. We need the following proposition.
2.1. Proposition. Suppose G is a subgroup of a group H and A is a G module. If Z[H] ®G A is a projective (finitely generated) H module, where for the tensor product Z[H] has the right G module structure given by (? «■* H, then A is projective (finitely generated).
Proof (due to the referee). The statement about projective modules is obvious. Although the part concerning finite generation is well known, no convenient proof is in the literature and a proof is therefore given.
Since Since
is exact, it follows that Z[H] <S>G (A/B) = 0. Since A/B is a direct summand of this module, it follows that A/B = 0 and that A is finitely generated. Now, the proof of Theorem 1.1 is divided into three cases. Case 1. Assume: 1. A'0 is connected, 2. X0 is homotopy equivalent to a finite CW complex AT0 and 3. X is homotopy equivalent to a finite CW complex AT.
Let/0: AT0 -^^"bea homotopy equivalence. For each i = 1, 2 we can extend f0 to F: AT/ -» X¡ such that F induces an epimorphism of fundamental groups and AT' is the wedge of AT0 and a finite number of circles. By Lemma 3.11 in [4, p. 18] , the kernel of irx(fi) can be expressed as the normal closure of a finite set of elements of ttx(K¡). Therefore, by attaching a finite number of 2-cells to AT/ we can form a finite CW complex A, and an extension/:
AT,-»AT of f0, inducing an isomorphism of fundamental groups. Thus the following proposition Pm holds for m = 1.
Pm: There exists a finite CW complex Lm with dim Lm < max(m, 2 + dim ATq) that is a union of subcomplexes Kx and K2 with intersection equal to AT,,, and a map /: Lm^>X so that, restricted to Kk, k = 0, 1, 2, / gives a map .4: AT* -» Xk which is w-connected for k = 1, 2, a homotopy equivalence for k = 0 and each irx(fk), k = 1, 2, is an isomorphism. It is well known (see [4, Lemma 6.71 
where the tensor product is over Z[irx(X,)] and M(f¡), K¡ denote universal covers.
Since irx(X¡) -» ttx(X) is monomorphic, Z[irx(X)] is a free Z[ttx(X¡)] module and thus tensoring with it is an exact functor. Hence, Hm(M(f), K) = Z[ttx(X)\ ® Hm(M(fi), K,)
where again the tensor product is over Z[w,(AT)]. By Proposition 2.1, Hm(M(f¡), K¡) is a finitely generated trx(X¡) module, / = 1, 2. As in [5] (see the proof of Theorem A) we can obtain Lm and/': Lm -» X by attaching a finite number of w-cells to AT, and K2 and then extending/onto Lm. This completes the induction. The proof that Xx, X2 G ^ is completed as follows. Take an (m -l)-connected map /: L -» X as in Pm_" where m > 1 + max(dim AT^, dim AT, 2). Then Hm(M(f), L) is finitely generated, projective and concentrated in dimension m (see [5, Theorem A and Lemma 2.1] ). Since
for each n, we infer that Hif(M(fl), A,) is finitely generated, projective over Z[irx(X)] and concentrated in dimension m for i = 1, 2. Hence, H^(M(f¡), A,) is a finitely generated projective over Z[77-,(AT)] and concentrated in dimension m (by Proposition 2.1). It follows from [4, Lemma 6.2] that A",, X2 G 6D.
Case 2. Assume X0 is connected. Then, X X S' and XQX Sx have the homotopy type of finite complexes (see [2] ) and by Case 1 we have, Xx X Sx, X2 X Sx G 6Î), which implies Xx, X2 G ^.
General case. If X0 is not connected, we attach a finite number of 1-cells ex, . . . ,en to it so that X¿ = X0 u ex u • • • U en is connected. By Case 2, both X[ = Xx u X¿ and X2 = X2 u X¿ belong to <$. Since X¡ is a retract of X¡, i = 1,2, we infer Xx, X2 G <$.
Remark. Our proof of Theorem 1.1 is a simplified version of the original Siebenmann's proof of Complement 6.6(b) (see [4, pp. 48, 54-56] 3. Proof of Theorem 13. Theorem 1.3 is basically an algebra theorem and will be derived from the following result.
3.1. Theorem. // the free product P = (G * H: A = B,q>} with amalgamation is finitely presented and A is finitely presented, then both G and H are finitely presented.
For the notion of the free product P = <G * H: A = B,<p} (denoted also by G * A H) of groups G and H, amalgamating subgroups A of G and B of H by an isomorphism oe, see [1, p. 179] .
The proof of this theorem depends on two lemmata. Ux(Xt, Zk), Vj^Xj, Z,), . . ., Wp(Zx, ..., z,)>.
Proof. This is well known (see [3] ). Proof of Theorem 3.1. We present A, G, H as above and consider the presentation of G * A H given by 3.3. Since G * A H is finitely presented, it has a presentation on the above generators containing only finitely many of the above relators. Thus G * A H may be presented as \XX, . . . , Xq, Yx, . . . , Yr, Z,, . . . , Zs; UX(X¡, Zk), . . ., Um(X¡, Zk), Vx( Yj, Z,), . . . , V"( Yj, Z,), WX(ZX, ...,ZS),..., Wp(Zx, ..., Z,)>. Let G' = <A-" . . ., Xq, Z" . . . , Zs, c/,(AT, Zk), ..., UJX" Zk), wx(zx,...,zs),..., wp(zx,...,zs)y.
